Abstract: In the derivation of Holographic Dark Energy (HDE), the area law of the black hole entropy assumes a crucial role. However, the entropy-area relation can be modified including some quantum effects, motivated from the Loop Quantum Gravity (LQG), string theory and black hole physics. In this paper, we study the cosmological implications of the interacting logarithmic entropy-corrected HDE (LECHDE) model in the framework of Brans-Dicke (BD) cosmology. As system's infrared (IR) cut-off, we choose the average radius of Ricci scalar curvature, i.e. R −1/2 . We obtain the Equation of State (EoS) parameter ω D , the deceleration parameter q and the evolution of energy density parameter Ω ′ D of our model in a non-flat universe. Moreover, we study the limiting cases corresponding to our model without corrections and to the Einstein's gravity.
INTRODUCTION
Cosmological and astrophysical data obtained, for example, with type Supernovae Ia (SNeIa), the Cosmic Microwave Background (CMB) radiation anisotropies and Large Scale Structure (LSS) have provided strong evidences for a phase of accelerated expansion of the universe [1] [2] [3] [4] .
A large amount of the cosmic energy density is contained in the dark sectors, i.e. Dark Energy (DE) and Dark Matter (DM) which represent, respectively, about the 73% and about the 23% of the cosmic energy density while the ordinary Baryonic Matter (BM) we are able to observe with our instruments contributes for the 4% of the total. Moreover, the contribution of radiation to the cosmic energy density can be considered practically negligible.
In relativistic cosmology, the cosmic acceleration we are able to observe can be described by a perfect fluid which pressure p and energy density ρ satisfy the following relation: ρ + 3p < 0.
Such kind of fluid with negative pressure is named Dark Energy (DE). In other words, the relation ρ + 3p < 0 implies that the EoS parameter ω D = p D /ρ D must obey the condition ω D < −1/3, while from an observational point of view it is a daunting task to constrain its exact value. Several candidates have been studied in order to explain the nature of DE, including quintessence, cosmological constant Λ, tachyon, quintom, K-essence, phantom energy, Chaplygin gas and modified gravity (see [5] [6] [7] for more details).
The cosmological constant Λ with EoS parameter ω = −1 represents the earliest and simplest theoretical candidate for DE. However, it is known that Λ has two difficulties: the fine-tuning and the cosmic coincidence problems [8] . The former asks why the vacuum energy density is so small (an order of 10 123 smaller than what we observe) and the latter says why vacuum energy and DM are nearly equal today although they have evolved independently from different mass scales. Many attempts have been made till now by scientific community in order to find a plausible explanation for the coincidence problem [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In literature, one of the most studied DE candidate is the Holographic DE (HDE) (which is motivated from the holographic principle) [20] [21] [22] [23] [24] [25] [26] [27] . It was shown by Cohen et al. [28] that in Quantum Field Theory (QFT), the UV cut-off Λ should be related to the IR cut-off L due to limit set by forming a black hole. If the vacuum energy density caused by ultraviolet (UV) cut-off is given by ρ D = Λ 4 , then the total energy of size L should not be greater than the mass of the system-size black hole, i.e.:
where M p = (8πG) −1/2 ≈ 10 18 GeV represents the reduced Planck mass (with G representing the Newton's gravitational constant). If the largest possible cut-off L is the one which saturate this inequality, we obtain the energy density ρ D of HDE as follow:
where c 2 represents a dimensionless constant which value is still under debate. Following the recent work made by Guberina et al. [29] , HDE based on the entropy bound can be derived in an alternative way. In the thermodynamics of the black hole [30, 31] , a maximum entropy in a box of size L, known as Bekenstein-Hawking entropy bound, exists and it is given by S BH ≈ M 2 p L 2 , which scales as the area of the box A ≈ L 2 rather than its volume V ≈ L 3 . Moreover, for a macroscopic system with self-gravitation effects which can not be ignored, the Bekenstein entropy bound S B is obtained multiplying the energy E ≈ ρ D L 3 and the linear size L of the system. Requiring that the Bekenstein entropy bound is smaller than the Bekenstein-Hawking entropy (i.e. S B ≤ S BH ,
, it is possible to obtain the same result obtained from energy bound argument, i.e. ρ D ≤ M 2 p L −2 . HDE was widely investigated in the literature in many different ways. In the work of Chen et al. [32] , HDE was used in order to drive inflation in the early evolutionary stages of universe. In the paper of Jamil et al. [33] , the EoS parameter ω D of HDE was studied considering a time-varying Newton's gravitational constant G, i.e. G (t); moreover, it was shown that ω D can be significantly modified in the low redshift limit. HDE was also studied in other papers [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] with different IR cut-offs, for example the particle horizon, the future event horizon, the Hubble horizon and the recently proposed Granda-Oliveros (GO) cut-off. Similarly, correspondences between HDE and other scalar field models of DE have been recently proposed [46] [47] [48] , while in other papers, HDE was well studied in different theories of modified gravity, like f (R) (where R represents the Ricci scalar curvature), braneworld, DGP model, scalar-tensor gravity and Brans-Dicke (BD) [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . It was also demonstrated that HDE also fits well the cosmological data obtained from the SNeIa and CMB [60] [61] [62] [63] [64] [65] .
It must be underlined that the black hole entropy S assumes an important role in the derivation of HDE energy density. Indeed, we know that the derivation of HDE energy strongly depends on the entropy-area relation given, in Einstein's gravity, by S ≈ A ≈ L 2 (with A indicating the area of the black hole horizon). However, the definition of the entropy-area relation can be modified taking into account quantum effects, motivated from the Loop Quantum Gravity (LQG). These quantum corrections provided to the entropy-area relationship leads to the curvature correction in the Einstein-Hilbert action and vice versa [66] [67] [68] . The corrected entropy has the following form [69] [70] [71] [72] [73] :
where α and β are two dimensionless constants. The exact values of α and β are not yet determined and they are still an open issue in quantum gravity. These considered corrections arise in the black hole entropy in LQG due to thermal and quantum fluctuations [74] [75] [76] [77] [78] . Moreover, considering
Wald's approach to classical gravity and to string theory, it is possible to find similar corrections to entropy [79] . The entropy-area relation can be generally expanded in a series of infinite terms, but the contribution given by extra terms can be considered practically negligible due to smallness of the value of the reduced Planck constant . Then, the most important order term in the expansion is the logarithmic one, as we have considered in this paper. The logarithmic term also appears in a model of entropic cosmology, which is able to unify the early time inflation and late-time cosmic acceleration of our universe [80] . Considering the corrected entropy-area relation and following the derivation of HDE, the energy density of HDE will result to be modified as well. For this reason,
Wei [81] recently proposed the energy density ρ D of the so-called logarithmic entropy-corrected HDE (LECHDE) in the following form:
where α and β are dimensionless constants. In the limiting case corresponding to α = β = 0, Eq.
(4) yields the well-known HDE density. The second term and third term in Eq. (4) are comparable to the first one only when L assumes a very small value, then the corrections given by the second term and third term have a physical meaning only at early evolutionary stages of our universe.
When universe becomes large, LECHDE reduces to the ordinary HDE. Since HDE density belongs to a dynamical cosmological constant, we need a dynamical frame to accommodate it instead of General Relativity. Moreover, considering as cut-off L = H −1 , it is not able to determine the EoS parameter ω D in the General Relativity framework. Futhermore, the BD scalar field speeds up the expansion rate of a dust matter dominated era (i.e. reduces deceleration), while slows down the expansion rate of cosmological constant era (i.e. reduces acceleration). Taking into account all the consideration mentioned above, the investigation of HDE models in the framework of BD theory is well motivated. For this reason, HDE has been widely studied in the framework of BD gravity [82] [83] [84] [85] [86] [87] [88] [89] [90] . In these papers, many dynamical features of HDE have been explored in the flat/non-flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) background, e.g. the cosmic coincidence problem, the quintom behavior, the phantom crossing at the present time, the effective EoS parameter ω ef f and the the deceleration parameter q.
In this paper, we propose the R-LECHDE model which is obtained using as IR cut-off for the LECHDE the average radius of Ricci scalar curvature, i.e. L = R −1/2 . For a non-flat universe, the Ricci scalar curvature R is given by:
where H =ȧ/a represents the Hubble parameter (the overdot represents the derivative with respect to the cosmic time t),Ḣ is the derivative of the Hubble parameter with respect to the cosmic time t, a is a dimensionless scale factor (which is function of the cosmic time t) and k is the curvature parameter which can assume the values -1, 0, +1 which yield, respectively, a closed, a flat or an open FLRW universe. The curvature paramater k has dimension of length −2 and describes the spatial geometry of space-time.
This work can be considered as extension of the work ok Feng [91] who studied the Ricci Dark Energy in Brans-Dicke cosmology: we now consider the contribution of the logarithmic correction to the entropy.
The average radius of the Ricci scalar curvature was proposed for the first time as IR cut-off in one recent paper of Gao et al. [92] . It was found that this kind of model works well when it is fitted with observational data. Furthermore, it can also be helpful in the understanding of the coincidence problem and the presence of the event horizon is not presumed in this model, so it is possible to avoid the casuality problem.
After the recently proposed work of Cai, Hu and Zhang [93] , where the casual entropy bound in the holographic framework is studied, the Ricci model gained an appropriate reason for which it could be motivated, giving an appropriate physical motivation for the Holographic Ricci DE (RDE).
RDE has been widely studied in literature: in fact, we can find works where RDE was used for reconstruction of scalar fields [94] , statefinder diagnostic [95] , reconstruction of f (R) [96] , quintom [97] , contributions of viscosity [98] and related observational constraints [99] .
This paper is outlined as follow. In Section 2, we study the R-LECHDE in the framework of BD theory for non-flat universe. In Section 3, we discuss some of the features of this model including the EoS parameter ω D , the evolution of dimensionless energy density Ω ′ D and the deceleration parameter q in the presence of interaction between DE and DM. Moreover, we calculate the limiting cases corresponding to α = β = 0 (i.e. γ c = 1), which means no corrections to the energy density, and to the Einstein's gravity. Finally, Section 4 is devoted to Conclusions.
BRIEF OVERVIEW OF BRANS-DICKE COSMOLOGY
Within the framework of the standard Friedmann-Lematire-Robertson-Walker (FLRW) cosmology, the line element for non-flat universe is given by:
where t represents the cosmic time, r is referred to the radial component and (θ, ϕ) are the two angular coordinates.
The BD action S is given by:
Using the definition:
we recover the action S in the canonical form [100, 101] :
where g, ω, φ, R and L M are, respectively, the determinant of the tensor metric g µν , the BD parameter, the BD scalar field, the Ricci scalar curvature and the Lagrangian of the matter. The variation of S with respect to the FLRW metric given in Eq. (6) yields the following Friedmann equations in the framework of BD theory:
ρ D and p D represent, respectively, the energy density and pressure of DE. Instead, ρ m represents the energy density of DM, which is in this paper considered pressureless (p m = 0).
Eqs. (10), (11) and (12) form a system of equations which is not closed, then we have the freedom to choose another one. We now assume that the BD field φ can be described by a power-law of the scale factor a, i.e. φ ∝ a n . In principle, there are not compelling reasons for this choice of φ. However, it has been shown that for small values of n, it leads to consistent results [102, 103] .
A case of particular interest is obtained when n assumes small values, while ω high ones, so that nω ≈ 1. This is interesting since local astronomical experiments set a very high lower bound on the value of ω; in particular, thanks to the Cassini experiment, we know that ω > 10 4 [104, 105] .
Taking the first and the second derivative with respect to the cosmic time t of φ, we get:
Next Section is devoted to the derivation of some important quantities, i.e the EoS parameter ω D , the evolution of energy density parameter Ω ′ D and the deceleration parameter q.
INTERACTING R-LECHDE MODEL
We know that in BD cosmology the scalar field plays the role of the Newton's constant G (i.e. φ 2 ∝ 1/G ), so it becomes natural to express the energy density of R-LECHDE in BD cosmology in the following way:
which can be rewritten as:
where:
In the limiting case corresponding to α = β = 0 (γ c = 1), Eq. (15) reduces to:
which is the the well-known HDE density in the BD cosmology [106] .
Substituting L with R −1/2 in Eqs. (15), (16) and (17), we obtain:
In Eqs. (15), (16), (17), (19), (20) and (21), we have that φ 2 = ω/2πG ef f and G ef f is the effective gravitational constant. In the limiting case of Einstein's gravity where G ef f → G, we have φ 2 = 4ωM 2 p and the LECHDE energy density in Einstein's gravity is restored. The critical energy density ρ cr and the energy density of the curvature ρ k are defined, respectively, as:
Moreover, the fractional energy densities for DM, curvature and DE are defined, respectively, as follow:
Combining Eqs. (13), (22) and (23) with the Friedmann equation given in Eq. (10), we obtain:
Dividing Eq. (27) by the critical energy density ρ cr , we have that Eq. (27) can be rewritten as:
In order to preserve the local energy-momentum conservation law, i.e. ∇ µ T µν = 0, the total energy density ρ tot = ρ D + ρ m must satisfy the following continuity equation:
where ω tot ≡ p tot /ρ tot represents the total EoS parameter. Since we are considering interaction between DE and DM, the two energy densities for DE and DM ρ D and ρ m are preserved separately and the relative equations of conservation become:
where Q is an interaction term which can be an arbitrary function of cosmological parameters, like the Hubble parameter H and energy densities ρ m and ρ D . We decide to use one of the most used expression for Q, given by:
where b 2 is a coupling parameter between DE and DM [107] [108] [109] [110] [111] [112] [113] [114] [115] [116] [117] . [118, 119] . However, the strength of this interaction is not clearly identified [120] .
Observations of CMB and galactic clusters show that b 2 < 0.025, i.e. b 2 is a small positive constant [121] . We must also note that the ideal interaction term must be motivated from the theory of quantum gravity, otherwise we rely on dimensional basis for choosing an interaction term Q. We must emphasize that more general phenomenological terms can be used instead of the one we choose in this work since the nature of DE and DM is still not well-understood.
We now want to derive the expression of the EoS parameter ω D for our model.
As stated in Introduction, the Ricci scalar curvature R is given by:
We derive from Eq. (10), using the definition of φ and Eq. (13), that:
Then, the Ricci scalar curvature R can be also written as follow:
We now want to derive an expression for the quantityḢ + H 2 . Differentiating Eq. (36) with respect to the cosmic time t and using the continuity equations given in Eqs. (32) and (33), we
Adding Eqs. (36) and (38), we obtain:
Inserting Eq. (39) in the expression of the Ricci scalar curvature given in Eq. (37), we obtain:
We can now easily derive the expression of ω D from Eq. (40):
Using Eqs. (28) and (29), we can rewrite Eq. (41) as:
In order to obtain the final expression of ω D , we must now substitute the expression of ρ D given in Eq. (19) in Eq. (42), obtaining:
We now want to derive an expression for the evolution of energy density parameter Ω ′ D . The derivative with respect to the cosmic time t of the energy density ρ D given in Eq. (19) can be written, using the conservation equations given in Eqs. (34) and (35), as:
Inserting the expression of ω D given in Eq. (41), Eq. (44) yields:
Dividing Eq. (45) by the critical density ρ cr and using Eq. (29), we obtain:
From the definition of the Ricci scalar curvature R, we derive that the term R 9H 2 is equivalent to:
Inserting Eq. (47) in Eq. (46), we have:
Since
HΩ D (where x = ln a), we derive from Eq. (48):
Eq. (49) yields:
which represents the expression of Ω ′ D we wanted to derive. In Eq. (50), we used the fact that:
For completeness, we now derive the expression of the deceleration parameter q, defined as:
q, combined with the Hubble parameter H and the dimensionless density parameters given in Eqs.
(24), (25) and (26), form a set of very useful parameters for the description of the astrophysical observations. Dividing Eq. (11) by H 2 and using Eqs. (13), (14), (15) and (26), it is possible to write the deceleration parameter as:
Then, the final expression of q is obtained substituting the expression of the EoS parameter ω D given in Eq. (43) in Eq. (53).
We can now derive the important quantities of our model in the limiting case corresponding to α = β = 0 (γ c = 1), which means no corrections terms in the energy density.
The expression of the energy density ρ D given in Eq. (19) reduces to:
which is equivalent to the expression of the Ricci DE (RDE) in Brans-Dicke cosmology studied by Feng [91] , which found that this model can explain well the current acceleration of the universe.
From Eq. (54), using the definitions of R and φ along with Eqs. (22) and (26), we find the Hubble parameter H reduces to:
Moreover, the expression of the Ricci scalar curvature R becomes:
The EoS parameter ω D given in Eq. (43) reduces to:
The expression of the deceleration parameter q can be obtained substituting the expression of ω D obtained in Eq. (57) in Eq. (53).
Moreover, we can also observe that, in the limiting case of the Einstein's gravity (i.e., φ 2 = 4ωM 2 p , n = 0 and Ω φ = ρ φ = 0), we recover the same results found in Pasqua et al. [122] .
CONCLUSIONS
In this paper, we studied the logarithmic entropy corrected HDE (LECHDE) withinfrared (IR) cut-off given by the average radius of Ricci scalar curvature. The logarithmic correction is motivated from the LQG, which represents one of the most promising theories of quantum gravity. We started considering a non-flat FLRW background in BD gravitational theory. This theory involves a scalar field φ which accounts for a dynamical gravitational constant. We assumed an ansatz by which the BD scalar field φ evolves with the expansion of the universe. Then, we established a correspondence between the field and the R-LECHDE to study its dynamic, which is governed by some dynamical parameters like the EoS parameter ω D , evolution of energy density parameter Ω ′ D and the deceleration parameter q. We calculated them in the non-flat background with interaction between R-LECHDE and DM. Moreover, we calculated the limiting cases corresponding to α = β = 0, (i.e., γ c = 1 then no corrections into the expression of the energy density) and Einstein's gravity. In particular, in the case of no corrections, we obtained the same model studied by Feng [91] which is able to describe the acceleration of the universe and, in the limiting case of Einstein gravity, we found similar results with a previous work made by Pasqua et al. [122] ).
The model we studied has many parameters which are not still accurately fixed. Future high precision cosmological observations, hopefully, may be able to determine the fine property of the interacting entropy-corrected holographic model of DE in the framework of BD gravity and, then, to reveal some significant features of DE.
